Cavity-QED is a promising avenue for the deterministic generation of entangled and spin-squeezed states for quantum metrology. One archetypal scheme generates squeezing via collective one-axis twisting interactions. However, we show that in implementations using optical transitions in long-lived atoms the achievable squeezing is fundamentally limited by collectively enhanced emission into the cavity mode which is generated in parallel with the cavity-mediated spin-spin interactions. We propose an alternative scheme which generates a squeezed state that is protected from collective emission, and investigate its sensitivity to realistic sources of experimental noise and imperfections.
Introduction: Atomic clocks operated with long-lived optically excited states in large ensembles of alkaline-earth atoms have led to unprecendent advances in frequency and timestandards [1] [2] [3] [4] [5] [6] . This has been achieved both by taking advantage of the superior precision afforded by operating at optical rather than microwave frequencies, and by utilizing large numbers of atoms N to quickly average down quantum projection noise. However, these clocks are reaching a point where improvements in sensing capabilities based on individual particle control have limited return due to physical and practical constraints, such as difficulty increasing the number of participating atoms due to collisional shifts [7] . This presents a clear need for a new paradigm of sensors that utilize many-particle quantum correlations [8] , dramatically reducing quantum noise and breaking through the standard quantum limit (SQL) on phase-sensitivity, δφ ∼ 1/ √ N rad. However, quantum correlations are difficult to create and intrinsically fragile to decoherence, and therefore the design and implementation of robust methods for entanglement generation is an important current challenge for quantum-enhanced sensors, and in particular, the next-generation of atomic clocks.
A canonical example of useful entangled states for metrology are squeezed states [9, 10] , which feature a reduction of the quantum projection noise along a particular quadrature. In atomic ensembles, spin-squeezed states have successfully been generated in proof-of-principle systems that operate on microwave-frequency transitions by projective measurement and feedback protocols [11] [12] [13] [14] [15] [16] , with state-of-the-art schemes reaching ∼ 18 dB below SQL [15, 16] . Deterministic production of spin-squeezed states generated by one-axis twisting (OAT) schemes has also been demonstrated on microwave transitions [17] [18] [19] . However, the best reported squeezing remains limited at 8 dB below SQL [18] . It is then desirable to understand how entanglement generated by unitary dynamics can be significantly improved, particularly protocols applicable to optical transitions used in current state-of-the-art atomic clocks.
In this vein, recent work has highlighted the possibility of using photon-mediated spin-exchange interactions to engineer OAT in an undriven optical cavity [20, 21] . The scheme is relevant to the dynamical generation of spin-squeezed states directly on the narrow linewidth optical clock transition. However, the achievable squeezing is severely limited by intrinsic dissipative noise arising due to superradiance: the collective emission and leakage of photons from the cavity.
In this manuscript, we propose to overcome this problem by generating squeezing from an unorthodox initial state composed of a pair of spin ensembles with zero mean total spinprojection. In this protocol, which we refer to as 'two-spin squeezing' (TSS), the squeezing is generated in an almost orthogonal quadrature to the noise arising from superradiance. Our theoretical calculations demonstrate this leads to a reduced sensitivity to collective emission and consequently the TSS scheme out-performs the conventional OAT protocol. We also examine the robustness of TSS in the presence of typical sources of single-particle decoherence.
Model and definitions:
We consider a system of N atoms trapped in a standing-wave optical lattice which is supported by an optical cavity [20] , illustrated in Fig. 1(a) . The cavity field couples the ground and excited clock states of the atom with single-photon Rabi frequency 2g. We assume the atomlight coupling is spatially uniform throughout the cavity, such that we can describe the atomic ensemble using collective spin operatorsŜ x,y,z α ≡ jσ x,y,z j,α /2 whereσ x,y,z j,α denote Pauli matrices. The summation of j runs over the atomic ensemble and α indexes the possible internal degrees of freedom, e.g., hyperfine levels.
The narrow linewidth of the clock transition,γ, relative to the cavity linewidth κ γ, allows us to adiabatically eliminate the cavity field such that the photons only mediate effective spin dynamics [20] . The reduced density matrix of the atomic spin then evolves according to the effective spin Hamiltonian (see SM)
and the Lindblad jump operatorL Γ = α Γ α /2Ŝ 2 ) is controlled by the detuning ∆ c of the cavity from resonance with the atomic transition. Throughout the manuscript, we will now set = 1 (i) and (ii) Common-mode fluctuations along Sy of a pair of back-toback collective spins (faded red) generates a weak coherence along Sy (green), which both drives and defines the precession axis of the Bloch vectors S1,2 (solid red, blue circle guides the eye for the precesion). (iii) Subsequent rotation about Sy of one of the spins (indicated by dashed blue arc) maps this precession into a squeezing of the collective distribution.
In terms of spin operators, squeezing is characterised by the parameter
2 ] is the minimal quadrature variance of the state along a directionn ψ perpendicular to S ( i.e.n ψ · S = 0 and
. Squeezing ξ 2 < 1 indicates that the quantum noise of the state along one quadrature is reduced below the SQL, defined with respect to an isotropic coherent spin state. Spin-squeezing by one-axis twisting: When a single internal level is populated, the effective Hamiltonian reduces tô H eff = χŜ +Ŝ− which can be rewritten asĤ eff ≡ χ(Ŝ 2 − S 2 z +Ŝ z ). The term ∝Ŝ 2 z generates one-axis twisting [10] whilst the last term generates a trivial single-particle rotation which can be neglected herein. The first term ∝Ŝ 2 ≡ S 2 x +Ŝ 2 y +Ŝ 2 z , commutes with the one-axis twisting, but is responsible for opening a many-body gap between Dicke manifolds with different eigenvalues S(S + 1) (S = 0, ..., N/2) ofŜ 2 which can protect the collective dynamics from slow single-particle decoherence [20] . Here, we assume the unitary dynamics is restricted to the S = N/2 manifold and thus considerĤ eff equivalent to the OAT HamiltonianĤ OAT = χŜ 2 z . The OAT spin squeezing can be understood in a semiclassical picture, illustrated in Fig. 1 (b) , in terms of the meanfield HamiltonianĤ MF ≡ 2χ Ŝ z Ŝ z , which generates rotations about the S z -axis at a rate dependent on the atomic inversion. UnderĤ MF the isotropic noise distribution of an initially prepared spin coherent state along x, |Φ OAT = |N/2 x withŜ x |N/2 x = N/2|N/2 x , will shear into an anisotropic distribution with reduced noise along one quadrature and increased noise along the other. As the spin-spin interactions responsible for the OAT dynamics are mediated by a macroscopically populated cavity field, they are also accompanied by superradiant collective emission from the cavity mode. A net leakage of photons from the cavity carries away information at the enhanced rate κ â †â ∼ κN 2 , and correspondingly introduces excess dissipative noise ∝ N 2 Γt to the S z quadrature, degrading the spin squeezing.
A perturbative treatment of both collective emission and the unitary dynamics leads to an expression for the time evolution of the squeezing (see Ref. [21] and SM),
where β ≡ N χ 2 t 2 /2 1. The term ∝ 1/β describes the spin squeezing, while the term ∝ β 2 describes over-squeezing due to the curvature of the Bloch sphere that yields a non-Gaussian distribution. The last term ΓN t describes the collectively enhanced dissipative noise added to the squeezed quadrature. For Γ = 0, the optimal achievable OAT squeezing is limited only by the curvature of the Bloch sphere, which is reached when β 2 ∼ 1/(N β) and for large atom number N 1 scales as ∼ N −2/3 [10] . In contrast, superradiant emission, Γ = 0, limits the optimal squeezing when the added noise becomes comparable to ΓN t ∼ 1 N β . This noise typically becomes dominant at much earlier times than non-Gaussian effects. The impact of superradiance is more clear if one minimizes Eq. (2) with respect to t, for fixed cavity parameter Γ/χ. In this case, ignoring the term ∝ β 2 in Eq. (2) as negligible, the achievable squeezing is bounded by
independent of atom number N . Two-spin squeezing (TSS): We now consider the alternative scheme and demonstrate how initiating the dynamics from an unconventional state of zero mean coherence maps to an effective Hamiltonian which generates squeezing that is robust to collective emission. Initially the atoms are separated in two different ensembles, denoted as α = 1, 2, each composed of N/2 atoms, and the system is then prepared in an incoherent state composed of a pair of opposite (back-to-back) collective spins: |Φ T SS = |N/4 x1 | − N/4 x2 , each one in an stretched eigenstate ofŜ x j=1,2 but aligned along opposing directions,Ŝ x j | ± N/4 xj ≡ ±(N/4)| ± N/4 xj . Such a state could be realized by utilizing the m F = ±9/2 hyperfine levels of 87 Sr [20] . This initial state has zero mean coherence Ŝ + = 0 and Ŝ +Ŝ− = N/2, and as such the cavity occupation â †â ∝ Ŝ +Ŝ− ∼ N is reduced by a factor of N to the level of N independent emitting atoms. For clarity, the total collective spin operators areŜ α ≡Ŝ α 1 +Ŝ α 2 for α = x, y, z, where the subscript refers to the ensemble internal degree of freedom.
Even though the initial state has zero mean coherence it will nevertheless non-trivially evolve under the Hamiltonian (1)]. This form of the Hamiltonian assumes χ α,β ≡ χ, satisfied for m F = ±9/2 or any 'symmetric' pair of hyperfine levels ±m F . To reveal squeezing, after the dynamics we perform a local spin-flip rotation of the 2nd collective spin aboutŷ. For short evolution underĤ eff , which is what we consider in the following, the evolved state is approximately transferred back to the fully symmetric manifold S = N/2 (up to negligible corrections, see later discussion and SM) For example, in the absence of any evolution underĤ eff the final state would be |N/2 x .
The overall protocol can be recast in terms of evolution under a Hamiltonian in a rotated reference-frame acting on an initially collective state (S = N/2) with all spins aligned together along S x :
Here,R , then at the relevant short timescale of squeezing this term can be ignored and the dynamics effectively remains in the S = N/2 manifold. Moreover, our scheme is not overly sensitive to this assumption and can tolerate independent number fluctuations N 1/3 in the prepared ensembles (see SM).
Physical intuition can be gained by a semi-classical description in the original frame of the back-to-back spins |Φ T SS , as illustrated in Fig. 1 (c) . For this initial state, the meanfield Hamiltonian corresponds to a precession of each of the individual spins about the S y projection of the total collective
Shearing is then induced by common-mode fluctuations of the initial states ∼ √ N along S y (i. e., phase noise), which generate a weak coherence about which the opposing classical Bloch vectors precess [panels (i) and (ii)]. After application of the π-pulse to the 2nd collective spin this precession yields net squeezing of the collective ensemble aboutŷ [panel (iii) ].
In contrast to OAT squeezing, the TSS dynamics are generated by a cavity field with an amplitude reduced by a factor of √ N . This is a consequence of the field being induced by quantum fluctuations of the atomic coherence â T SS ∼ Ŝ2 y ∼ √ N . Regardless of this relatively weak cavity field, the TSS protocol can achieve a similar level of shearing relative to OAT. This is reconciled by understanding that in OAT the Bloch vector precesses at a rate ∝ N -related to the cavity field amplitude â OAT ∼ Ŝ + ∼ N -about a rotation axis that is nearly aligned to said Bloch vector, up to fluctuations associated with atomic projection noise ∝ √ N . Conversely, in TSS the rotation rate is lower by a factor of √ N relative to OAT, however, the Bloch vectors associated with the individual spin ensembles are nearly perpendicular to the axis of rotation. Thus, in TSS the component of the Bloch vectors perpendicular to the axis of rotation is √ N larger than OAT, compensating for the √ N smaller cavity field compared to OAT. The √ N larger component of the relevant Bloch vectors perpendicular to the axis of rotation compensates for the √ N smaller cavity field compared to OAT. We now shift our focus to understand why the TSS squeezing is robust against collective emission. Whilst the reduced atomic coherence of the initial state leads to an associated reduction in the rate of photon leakage from the cavity, ∝ κN , excess dissipative noise is still added to the S z quadrature of the final state at a rate identical to OAT, ∝ N 2 Γt. This is reconciled by noting that the S z quadrature of the measured state after the rotation aboutŷ actually corresponds to the inversion differenceŜ In contrast to OAT, the dissipative noise in the measured S z quadrature is then not driven by the usual atomic coherence Ŝ +Ŝ− (i.e., cavity occupation â †â ), but rather the differential atomic coherence (Ŝ
While this dissipative noise thus remains large, unlike OAT it now contributes predominantly to the anti-squeezed quadrature of a phase-squeezed state. We illustrate this contrast to OAT in Fig. 2(b) . We emphasize that the reduced atomic coherence Ŝ +Ŝ− and suppression of superradiance remains an important ingredient for TSS: Superradiant decay of the atomic inversion would generate fluctuations inŜ x and thus degrade correlations via the term ∝ (Ŝ
2 inĤ. A perturbative treatment leads to the following approximate expression for the squeezing parameter (see SM):
The contrast to OAT is illustrated here by the suppression of the dissipative noise by the prefactor ∼ 1/(N β), which reflects that it is added predominantly to the anti-squeezed rather than squeezed quadrature. Importantly, this means that for TSS the optimal squeezing essentially remains limited only by the emergence of non-Gaussian corrections to the distribution ∼ β 2 . Optimizing the squeezing respect to time for fixed cavity parameters Eq. (S40) leads in this case to
The key difference is that collective decoherence does not lead to a lower bound on squeezing as it does for conventional OAT. For large N we thus find that TSS scales with atom number as ξ
We directly compare the optimal squeezing generated by OAT and TSS protocols for the case of N = 1000 in Fig. 2 . Results are based on numerical solution of the master equation taking into account all relevant secondary effects, such as decay of the spin-length | S | due to quantum fluctuations and non-collective terms ∝ (Ŝ
2 in the effective TSS HamiltonianĤ, so that the validity goes beyond the perturbative analysis of Eqs. (2) and (S40). They confirm that, unlike OAT, suppression of collective emission in TSS leads to squeezing limited by non-Gaussian corrections to the spin distribution at relatively long times. The strikingly different impact of superradiance in the schemes is illustrated in the inset, where we plot the numerically obtained optimal squeezing as a function of Γ/χ. Sensitivity to single-particle decoherence: Instead of operating at fixed Γ/χ ≡ κ/∆ c one could in principle remove the detrimental effect of superradiance in OAT by operating at a large cavity detuning ∆ c . However, in reality under this condition the generation of squeezing will become sufficiently slow that other external and technical noise sources become the limiting factors for metrological sensitivity. In this vein, we now include relevant single particle decoherence mechanisms which typically can be characterised in terms of the single particle jump operatorsL
− j (describing, e.g., spontaneous emission or Raman light scattering) and L el j = γ el /8σ z j (describing, e.g., Rayleigh scattering and dephasing from stray fields or collisions). By treating single-particle and collective emission perturbatively (see SM) we obtain the approximate expressions
where we ignore the terms ∝ β 2 as irrelevant compared to the dissipative contribution. The clear difference here is that the squeezing achievable via OAT is limited by both collective and single-particle emission, whereas TSS suppresses the collective component. One then expects that squeezing can be generated on faster time-scales with TSS to minimize singleparticle decoherence, as collective dissipative noise is not the most relevant limitation. This is supported by optimising the achievable squeezing by varying the cavity detuning ∆ c , yielding the superior ξ
is an effective cavity co-operativity. The optimal detuning for TSS is closer to the cavity resonance by a factor of ∼ (η s N ) 1/4 and occurs on a shorter overall time-scale than OAT, confirming expectations (see SM for details). We note that the scaling achievable with TSS is equivalent to that predicted by introducing an additional drive term in Ref. [21] . However, the improvement in that case is only a byproduct of enhancing the rate at which the squeezing dynamics occur, at the cost of adding further systematic effects generated by the additional drive. Whether a driving protocol can be similarly implemented to accelerate TSS will be addressed in a follow-up work as well as applications to more general interferometry schemes [23] [24] [25] .
However, the robustness of TSS to collective emission comes at a tradeoff to increased sensitivity to single-particle dephasing. This decoherence intuitively adds excess noise to the squeezed quadrature of the phase-squeezed state, whereas for OAT it only contributes to the anti-squeezed quadrature. We find the time evolution of the squeezing for γ el t 1 is approximately (see SM)
Here, the suppression of collective emission in TSS is of reduced benefit over OAT, as the role of single-particle dephasing and collective emission is interchangeable between the two schemes. This is reflected by optimising with respect to the cavity detuning, which yields an identical result ξ 2 ∼ (N η el ) −1/2 for both protocols (see SM) where
2 /(κγ el ). Consequently, the superiority of TSS over OAT, driven by the ability to suppress collective dissipative noise, is most prominent in the limit where single-particle decoherence is dominated by spontaneous emission, γ s γ el . Such a regime is relevant as γ s and Γ are fundamental sources of decoherence, due to the finite transition linewidth and engineering of the squeezing Hamiltonian respectively, whereas γ el is a technical barrier. Conclusion: Whilst the generation of quantum correlations and entanglement which are protected against decoherence is of broad interest to quantum enhanced technologies, to date, measurement improvements from deterministic generation of many-body states have been small and proof-of-principle in nature. The TSS protocol proposed here is intrinsically robust against the detrimental effects of superradiance and thus particularly useful for the next-generation of quantum enhanced optical atomic clocks. Its implementation could open a path to deliver significant gains to sensors with real-world applications.
The Supplemental Material: Robust spin squeezing via photon-mediated interactions on an optical clock transition
I. ATOM-LIGHT INTERACTION AND EFFECTIVE SPIN MODEL
In the main text we assume the dynamics of the CQED system can be reduced to an effective spin model describing the atomic degrees of freedom, with the cavity field slaved to the atomic coherence. Here, we present a more detailed derivation that establishes this approximation.
Recapping the main text for completeness, we consider a system of N atoms trapped in a standing-wave optical lattice which is supported by an optical cavity. The cavity field couples the ground and excited clock states of an atom with single-photon Rabi frequency 2g α , where the subscript α denotes the dependence on the internal hyperfine (m F ) degree of freedom. We describe the atomic degree of freedom using collective spin operatorsŜ x,y,z j,α ≡ n∈jσ x,y,z n,α /2 wherê σ x,y,z j,α denote the conventional Pauli matrices. Here, the subscript j of the collective spin refers to the spatial lattice site, and the summation over n refers to atoms with identical lattice position.
Most generally, the dynamics of the coupled atom-light system is described by a master equation for the density matrix, ρ,
Here, the Hamiltonian describing the atom-light coupling iŝ
where ∆ c characterizes the relative detuning of the cavity field from the atomic transition and we have introduced an additional spatial dependence j for the atom-light coupling. In principle there may be additional single-particle terms ∝σ z i describing inhomogeneities of the atomic transition frequencies. However, we ignore this in the following and mention it only to point out that any detrimental effects of such broadening-type terms may in principle be removed in the experiment by spin-echo. The Lindblad term
describes photon loss from the cavity with power decay rate κ. Operating in the bad cavity limit κ γ and assuming that cavity loss occurs at a much faster rate than the atomic dynamics, κ g, we may adiabatically eliminate the cavity mode. This leads to a slaving of the cavity field to the atomic coherence,â
In turn this simplifies the model of Eq. (S1) to a master equation for the reduced density matrixρ s of the spins,
Here, the effective Hamiltonian iŝ
where
is the strength of the elastic interaction. This is accompanied by a dissipative contribution which describes collective emission into the cavity mode,L
. Throughout the main text we assume the atom-light coupling is spatially uniform, g j,α ≡ g α , which requires that the wavelength of the standing wave lattice and cavity field are commensurate. This assumption allows the simplification χ j,α,l,β = χ α,β and Γ j,α = Γ α . In the case of the OAT scheme, where only one internal degree of freedom (m F state) is involved, the Hamiltonian is then simplified tô H eff ≡ χŜ +Ŝ− and the Lindblad jump operator becomeŝ
On the other hand, as the TSS scheme involves a pair of internal states it requires an additional assumption. To achieve a uniform coupling, with respect to the internal degrees of freedom, we require that the atomic ensembles realizing the collective spins occupy a symmetric pair of hyperfine states such that m F = ±m.
II. OPTIMAL SPIN SQUEEZING IN THE OAT AND TSS SCHEMES
In this section we outline some analytic results describing the achievable spin-squeezing in the OAT and TSS schemes in the presence of both collective and single-particle dissipation.
A. Exact solution of one-axis twisting
The dynamics of a single coherent spin state underĤ = χŜ +Ŝ− can be solved analytically, by noting that we can rewrite the Hamiltonian asĤ ≡Ŝ 2 −Ŝ 2 z +Ŝ z . Ignoring the single-particle rotation, and using thatŜ 2 commutes with the one-axis twisting term, we have the simpler Hamiltonian oneaxis twisting HamiltonianĤ OAT = χŜ 2 z . Dynamics under this Hamiltonian is exactly solvable, and the particular case of spin squeezing is covered extensively in the literature. We refer the interested reader to Refs. [S10, S26, S27] in particular. In this section, we simply present the relevant results for the case of ideal OAT in the absence of any decoherence.
We begin with the minimal (maximal) quadrature variance
, which is given by
Here, the relevant correlations are given by [S10] ,
for τ = χt and S = N/2. Defining ν = (1/2)arctan(B/A), the maximum variance is for ψ = ν and the minimum variance when ψ = π/2 − ν. For S 1 decay of the effective spin length can be ignored, e.g, | S | ≡ | Ŝ x | ≈ S, the time evolution of the squeezing parameter is given by
A more insightful expression for the squeezing can be obtained by expanding Eqs. (S9)-(S11) perturbatively in the small parameter β = Sτ 2 1. Although this analysis has been presented previously in the literature, (see, e.g., Ref. [S28] ), for clarity of our later calculations dealing with TSS and decoherence, we outline the essential approach here.
First, to O(β 3 ) we obtain
whilst B ≈ 2S 2 τ e −β and thus
Here, we have used that cos(τ ) ≈ e −τ 2 /2 for τ 1. Also, for each expression we have taken the leading order contribution in S for each coefficient of β n . We proceed by calculating the product of the squeezing and anti-squeezed quadratures,
Next, we obtain an approximation expression for V + to leading order in β by assuming that for S 2 τ > 1 we have A > B and thus we approximate √ A 2 + B 2 ≈ A. This leads to
Here we have assumed 2S 2 β S (valid as we assume this quadrature is highly anti-squeezed with respect to the initial state).
It is then straightforward to obtain the squeezing parameter by the relation
The first term of this expression describes the squeezing of the state, whilst the second term describes a correction due to the state becoming non-Gaussian (i.e. 'oversqueezing'). In the case of OAT this correction occurs as the squeezed distribution begins to probe the curvature of the Bloch sphere.
The optimal squeezing as a function of system size N can be found by minimizing Eq. (S21) with respect to the evolution time, yielding
for τ opt = 3 1/6 N −2/3 .
B. Semi-classical treatment of two-spin squeezing
In this section we present an analytic treatment of two-spin squeezing using a semi-classical approximation of the dynamics. In particular, we solve the quantum dynamics using the truncated Wigner approximation, which allows us to take into account the non-collective effects of the TSS Hamiltonian.
The resulting expression allows us to rigorously quantify and understand the effects of the non-collective terms, and we find they have limited consequences for the squeezing dynamics, justifying our discussion in the main text.
For simplicity, our solution considers the dynamics of the system in the frame of the initial back-to-back state prepared along ±x, |ψ 0 ≡ |N/4 x ⊗ | − N/4 x , with the Hamiltonian given byĤ = χŜ +Ŝ− . Here, we remind the reader that the operators should be interpreted asŜ α ≡Ŝ α 1 +Ŝ α 2 where the subscript denotes the individual collective spins.
Solving the dynamics according to the truncated Wigner approximation consists of two steps. First, introducing the cnumber variables S α ≡ Ŝ α , we analytically solve the meanfield equations of motion for the system. Second, we obtain the appropriate symmetrically-ordered quantum expectation values by averaging over initial conditions with respect to the Wigner quasi-probability distribution W (S x , S y , S z ) [S29] . For example,
For the back-to-back state under consideration the Wigner function factorizes in terms of the constituent collective spins,
(S25) We begin with the relevant equations of motion for the cnumber variables:
The equations are most easily solved by the introduction of sum and difference variables,
As the total magnetization is conserved, S z (t) ≡ S z (0), a solution for the atomic coherence is straightforward and we obtain S + (t) = S + (0)e −2iSz(0)τ . The solution for the magnetization difference ∆ z (t) is more sophisticated, but essentially reduces to the solution of a second-order differential equation of the form∆ z = a + b∆ z , where a and b are functions of the initial conditions. Exact solution of the differential equation is straightforward, but we do not present the resulting expression for ∆ z (t) here as it is lengthy and not insightful.
With the analytic expressions of S + (t) and ∆ z (t) in hand, we proceed by obtaining perturbative expressions for the quantities
as per the OAT treatment of the prior subsection. Here, we have substitutedŜ z →∆ z as the relevant quantity in the frame of the back-to-back spins, i.e. before squeezing is measured in the final frame where one of the ensembles is rotated by a π-pulse aboutŷ. After expansion of Eqs. (S30)- (S32) to O(β 3 ) in the small parameter β = Sτ 2 1 and following the procedure of the previous section identically, we obtain a perturbative expression for the squeezing parameter,
Here, the key result is that the term O(β 2 ), which describes the onset of non-gaussian corrections to the distribution, has an enhanced prefactor relative to OAT. This indicates that the non-collective terms become relevant when the squeezed distribution begins to probe the curvature of the Bloch sphere, and thus leads to the minimum squeezing occuring slightly earlier. Such an effect is consistent with the simplistic argument of the main text, which emphasizes that the contribution of the non-collective terms should be small at short times (i.e., the time-scale of the squeezing dynamics), as the initial state is an eigenstate ofŜ x with Ŝ x = 0.
Quantitatively, we find these corrections lead to a minor decrease in the optimal squeezing time τ opt = (3 2 /7) 1/6 N −2/3 , and the optimal squeezing is
Thus, squeezing is merely reduced by approximately 1.2 dB relative to OAT. Our analytic results are confirmed by full numerical calculations, presented in Fig. SS1 . In particular, the perturbative expression is validated by TWA calculations for large N , whilst the prediction of TSS following OAT scaling up to a small prefactor correction is consistent with a solution of the dynamics using exact diagonalization for small system sizes N ≤ 1000 and truncating the relevant Hilbert space. This truncated exact solution is based on solving the problem in the rotated frame,Ĥ = χ(Ŝ
Here, the initial state is a collective spin in the fully symmetric manifold S = N/2. However, the non-collective term ofĤ can lead to population of other Dicke manifolds S = N/2 − 1, ...0. Nevertheless, as the dynamics in the rotated frame is predominatly driven by the fully collective termŜ for n N/2 will be relevant, which allows us to truncate the Hilbert space. Indeed generically n = 4 is sufficient for the systems considered. This truncation reduces the numerical complexity of the problem from simulating a Hilbert space of (N/2 + 1) 2 to ∼ (N + 1)n/2 The calculations presented in Fig. SS1 fully justify our physical discussion of TSS in the main text, based on the simplified HamiltonianĤ ≈ χŜ 2 y .
III. EFFECTS OF COLLECTIVE EMISSION
In this section, we expand on the idealized results of the previous section and include the effects of collective emission, described by the Lindblad jump operatorL Γ ≡ Γ/2Ŝ − , which is intrinsically present in the cavity-QED realization of both OAT and TSS schemes using the optical clock transition.
A. One-axis twisting with collective emission
Our treatment of collective emission for the OAT scheme follows that presented in Ref. [S21] . For clarity, we summarize the approach and relevant approximations here.
Collective emission does not distinguish between atoms, and preserves the total spin quantum number S. For the case of a coherent spin state with maximum initial coherence, the leakage of a photon from the cavity induces a variance in the atomic spin distribution of the form
. For weak decoherence, N Γt 1, we assume that the dissipative dynamics can be treated independently of the one-axis twisting dynamics and that additional fluctuations generated by collective emission can be added in quadrature to the squeezed state. Under this approximation, and further noting that the squeezed quadrature V − is approximately aligned along S z (ψ → π/2 for N 1), the perturbative expression for the squeezing parameter is then modified,
For Γ = 0 the squeezing rapidly becomes limited by the dissipative contribution. The optimal squeezing time can then be obtained by minimizing 1/(2N β) + N Γt, yielding
1/3 and the best achievable squeezing
which is independent of atom number N .
B. Two-spin squeezing with collective emission
Establishing an analytic model to describe TSS in the presence of collective emission is a more difficult task. For simplicity, in this section we consider the dynamics of the system in the rotated frame, where the Hamiltonian and Lindblad term becomeĤ The result Eq. (5) of the main text is obtained by making a pair of approximations with respect to the Hamiltonian and Lindblad terms. First, we assume that the squeezing generated by TSS is well captured by the simplified Hamiltoniañ H ≈ χŜ 2 y . This approximation is well supported by the results of Sec. II. Secondly, we assume that the Linblad term can be similarly simplified toL ≈ Γ/2Ŝ y . This second assumption is justified by numerical simulations of systems up to N ∼ 1000, examples of which are shown in Fig. SS2 , together with qualitative physical arguments discussed below.
Under these approximations, the problem reduces to that of one-axis twisting with collective dephasing. This model is tractable as the dephasing commutes with the Hamiltonian dynamics and has been solved analytically in Ref. [S28] . A perturbative expression for the squeezing parameter is obtained identically to Sec. II,
where β ≡ β + Γt/2. In the main text we assume that (Γ/χ)τ Sτ 2 , such that β ≈ β and Here, and in the main text, we artificialy alter the prefactor of the term ∝ β 2 , from 2/3 to 14/9, as a crude correction to better include the effect of the non-collective terms of the Hamiltonian (although this does not change any physics qualitatively). As discussed in the main text, the fact that squeezing becomes predominantly limited only by non-Gaussian corrections means that the best achievable squeezing is given by
which asymptotically scales as N −1/3 for large N . Equation (S40) is also consistent with a far more crude treatment of the decoherence, which more clearly illuminates the difference between the OAT and TSS protocols. Following a similar procedure to the OAT case, we can consider the effects of the collective decoherence as an independent and perturbative correction to the squeezing expression. In particular, for Γt
However, as discussed in the main text, as TSS leads to a phase-squeezed state with V − aligned closely toŷ this implies that, unlike OAT, the excess noise from collective dissipation contributes predominantly to the anti-squeezed quadrature. However, as the squeezing angle is not quite zero, the squeezed quadrature still admits some small component of the dissipative noise. In particular, adding the dissipative noise in quadrature to V − leads to
where the prefactor 1/(2N β) ≈ sin 2 (ψ) of the dissipative contribution corresponds to the degree which the excess noise is suppressed by the small squeezing angle when added in quadrature. In the limit (Γ/χ)τ Sτ 2 Eqs. (S42) and (S40) become identical, indicating that this crude model captures the essential physics of TSS in the presence of collective emission.
IV. SINGLE-PARTICLE DISSIPATION
In the main text we present a series of approximate analytic results pertaining to the squeezing which may be experimentally achieved in the presence of single particle decoherence. Specifically, we focus on the impact of single particle emission type processes (describing, e.g., spontaneous emission or Raman scattering) and dephasing (describing, e.g., Rayleigh scattering or dephasing due to background collisions and stray fields), with single particle jump operatorsL
z j respectively. In this section we present the derivation of these results in more detail.
The expressions we derive are crucially based on the fact that the relative strength of the elastic [χ = 4g
interactions are controllable via the detuning ∆ c of the cavity field from the resonance with the atomic transition. To simplify the expressions in the following we assume that the cavity is operated in the limit ∆ c κ (χ Γ) and thus we simplify χ ≈ g 2 /∆ c and
A. One-axis twisting
Spontaneous emission
To gain insight into the effects of single particle emission, L s j = γ s /2σ − j , on OAT we treat it as an independent (i.e., at the single-particle level) perturbative process on top of the squeezing. This result is presented in Hu et. al. Ref. [S21] , though we include it here for completeness. In more detail, the emission is considered as a binomial random process that destroys the coherence between atoms in the ensemble. For an initial coherent spin state along S x , after a duration t an average of δN ≈ N (1 − e −γst )/2 atoms are transferred from the single-particle state | ↑ to | ↓ . This consequently leads to an increase in the variance of the spin distribution (δŜ z ) 2 ≡ (δŜ z ) 2 sq + N e −γst (1 − e −γst )/2, where the subscript indicates the quadrature variance obtained from solely squeezing dynamics.
In the case of OAT, incorporating the effects of both singleparticle and collective decoherence into Eq. (S21) in a similar manner to Eq. (S35) leads to the approximate expression
Here, we have ignored the term ∝ β 2 which describes the effects of the curved Bloch sphere as small in comparison to γ s t and N Γt.
The contribution due to collective emission can in principle be removed by detuning the cavity sufficiently far from resonance, Γ/χ = κ/∆ c → 0 for ∆ c κ. However, this would lead to a decrease in magnitude of χ ∝ 1/∆ c and thus to a long time-scale for the one-axis twisting dynamics. Under this condition the system becomes highly vulnerable to other single particle noise sources, specifically spontaneous emission in this example, that would limit any achievable squeezing. To account for both collective and single-particle dissipation on an equal footing, one can instead optimise Eq. (S43) with respect to both the optimal squeezing time and the cavity detuning, instead of keeping a fixed Γ/χ as in the discussion of the previous sections. The cavity detuning is indeed a readily tunable parameter in the experiment. Equation (S43) is then minimized with respect to the squeezing duration t opt and cavity detuning ∆ opt c , to obtain
for
where we define η s = 4g 2 /(κγ s ) ≡ η(γ/γ s ) as an effective single-atom co-operativity. From the optimal parameters we identify that (N Γt) opt = (2γ s t) opt , i.e., the cavity detuning is adjusted to minimize the collectively enhanced contribution N Γ until it is of the same order as single-particle dissipation γ s .
Single-particle dephasing
For the case of single-particle dephasing,L el j = γ el /8σ z j , our treatment is based on the exact solution of OAT dynamics in the presence of single-particle decoherence outlined in Refs. [S26, S27] .
First, we obtain the transformed correlation functions
Moreover, if we ignore decay due to the shearing dynamics (valid for N 1) we find that the effective spin length is || S || = || Ŝ x (0) ||e −γ el t . If we restrict dissipation to single-particle dephasing momentarily, the perturbative expression for the squeezing parameter can then be obtained similar to previous sections. Specifically, to appropriate order in β 1 we find
Including the dissipative decay of the spin length, the squeezing parameter is then
As previously, collective emission is incorporated as an independent perturbation to this expression Eq. (S48), which leads to
where we remind the reader that we have assumed ΓN t 1. We ignore the contribution ∝ β 2 in this case as the squeezing is predominantly limited by dissipative noise much earlier than non-Gaussian effects. For γ el t 1 the perturbative expression can be furthered simplified to
The suppression of dephasing in the final expression by the term ∝ 2N β illuminates that single-particle dephasing is far less detrimental to the squeezing when contrasted with collective or even single-particle emission. This is readily understood by noting that the dephasing commutes with the Hamiltonian.
The best achievable squeezing is again obtained by optimising the cavity detuning to minimize the collective term ΓN t, whilst balancing against the excess noise due to dephasing at long times. Rigorously optimising Eq. (S49) in this manner is difficult. However, we can gain useful insight by assuming that the squeezing time is essentially insensitive to the dephasing and so follows the result for solely collective emission [i.e., Eq. (S36) and surrounding text]. We have checked this approximation with numerical calculations and find that it is reasonable for the regime of γ el t 1 considered.
This approximation imposes that the dependence of the squeezing time on the cavity detuning is
. It remains that we must optimize the squeezing with respect to the detuning ∆ c , equivalent to solving where we defined C = [2/(g 6 κN 3 )] 1/3 for brevity. For
1 (which is checked from the subsequent solution for ∆ c ) we expand the exponentials to O(Cγ e l∆ 4/3 c ) to solve for the optimal detuning, thus finally obtaining
Here, the optimal squeezing time is fixed and weakly satisfies the requirement γ el t 1.
B. Two-spin squeezing
Spontaneous emission
Our treatment of TSS with single-particle spontaneous emission is based again on a semi-classical treatment of the dynamics, using the truncated Wigner approximation. Here, we consider the dynamics in the frame of the back-to-back spins but approximate the Hamiltonian to the simpler form H ≈ χŜ 2 y . Whilst dissipation will inevitably introduce fluctuations inŜ x and degrade the validity of this assumption, it will capture the essential physics for weak emission γ s t 1. Whilst the spontaneous emission is a single-particle process, we can approximately take it into account at the level of the collective spin variables. Specifically, we take the Lindblad form of the Heisenberg equations for single-particle emission. Summing over the single-particle equations and taking the mean-field approximation (see Sec. II B) yields collective corrections to the TSS dynamics, resulting in the relevant equations:
Here, the difference variables are defined as previous,
We proceed according to the TWA method by solving the equations of motion for each variable and evaluating the relevant stochastic averages analytically.
We proceed by first independently solving Eq. (S57) for S y (t) ≡ S y (0)e −γst/2 . Solution of the remaining system of equations is simplified by assuming that for weak decoherence γ s t 1 we can substitute S y (t) ≈ S y (0) in the equations of motion. This approximation can be checked by comparing the final perturbative expression for squeezing to numerical solution of the full equations, for which we find good agreement. Essentially this approximation ignores secondary corrections to the shearing dynamics by dissipative decay of S y . The remaining equations can then be solved exactly to obtain the relevant correlations:
The last expression for (δS y ) 2 is inconsistent physically and is an artefact of the approximate treatement of single-particle decoherence with our TWA approach. Physically, the variance alongŷ is conserved throughout the evolution and must remain (δS y ) 2 = S/2 if treated correctly at the single-particle level [i.e., it is a property that for Pauli matrices (σ α i ) 2 = 1]. Hence we enforce strictly that (δS y ) 2 = S/2 in the following calculation. The dependence on γ of the remaining expressions (δ∆ z ) 2 and S y ∆ z essentially captures the effects of the dissipation at the single-body level, i.e., at the leading order dissipation can be treated independently from the many-body dynamics and simply added as an additional exponential decay of the correlations.
We proceed to calculate the perturbative squeezing expression as previously done, i.e., in terms of perturbative expansions for A, B, C for the small parameter β = Sτ 2 after substitution of the relevant correlation functions. Following this recipe, the squeezing parameter is obtained:
where the final expression encapsulates the effects of singleparticle emission to lowest order. Here, whilst γ s t 1 we assume γ s t > β 2 , such that the decoherence is the limitation for achievable squeezing (i.e. added noise degrades squeezing before the non-Gaussian corrections to the distribution become relevant).
To obtain an expression for the squeezing taking into account both single-particle and collective emission, we note that the contribution of spontaneous emission is essentially at the single-body level in the above treatment. We thus assume that the correction γ s t can be similarly added to the squeezing expression Eq. (S40) which takes into account collective decoherence. This leads to the approximate expression
Optimisation of Eq. (S63) with respect to both time and cavity detuning yields
where we have defined the effective co-operativity η s = 4g 2 /(κγ s ) as before.
Single-particle dephasing
We treat TSS with single-particle dephasing using a semiclassical treatment similar to that presented above. As such, we simply present the resulting expressions here.
The perturbative expression for the squeezing parameter, when we include only the effects of single-particle dephasing is given by
for γ el t 1. For similar reasons, we can combine the result Eq. (S67) with collective emission in a manner identical to the previous subsection, resulting in the a final expression for squeezing:
Subsequent optimisation of Eq. (S68) with respect to both time and cavity detuning yields
where we have again used the effective co-operativity η el = 4g 2 /(κγ el ). For completeness, in Fig. S3 we compare the various analytic scaling relations for both OAT and TSS. Cavity parameters for dark lines are taken from state-of-the-art optical atomic clock and CQED experiments [S20, S31] : η = 0.41, κ/(2π) = 145 kHz, γ s /(2π) = 0.1 Hz and γ el /(2π) = 0.1 Hz. We also plot the fundamental bound on scaling when single-particle decoherence due to experimental imperfection can be ignored and thus squeezing is limited only by the linewidth of the 87 Sr clock transition γ s /(2π) ≡ γ/(2π) = 1 mHz. In the former case, we predict TSS can produce on the order of ∼ 6 dB of squeezing below the standard quantum limit whilst OAT only produces ∼ 1 dB, both calculated with current state-of-the-art parameters and N ∼ 10 5 . On the other hand, when the squeezing is limited only by fundamental noise sources we predict ∼ 16 dB for TSS compared to only ∼ 8 dB for OAT. 
V. SENSITIVITY OF TWO-SPIN SQUEEZING TO NUMBER FLUCTUATIONS
Throughout the above sections we have assumed an idealized implementation of TSS. In particular, we have assumed that the initial state can be accurately prepared |ψ 0 ≡ |N/4 x ⊗ | − N/4 x . This assumption, that the initial state is an eigenstate ofŜ x with Ŝ x = 0, is important as fluctuations inŜ x can lead to a degradation of the achievable squeezing. In the ideal case, the effect of such fluctuations is already observed as a minor decrease in the optimal squeezing compared to OAT [see Eq. (S33)]. An important question then is how robust the TSS protocol is to number fluctuations in each prepared atomic ensemble.
To answer this question, we consider an initial state still composed of a pair of diametrically opposed collective spins, but introduce independent random fluctuations of zero mean and standard deviation σ n in the initial atom number of each ensemble (and thus fluctuations δN ≡ √ 2σ n in the total atom number). Such a state is characterized by the density matrix where P (n 1 , n 2 ) = e −(n The dynamics and squeezing of this initial state can again be solved using a semi-classical treatment. Essentially, one solves for the correlation functions as per the previous treatment using the TWA for arbitrary n 1 and n 2 , and then performs a final averaging of the obtained expressions for the correlations with respect to the number fluctations, which can be evaluated analytically. A perturbative expression for the squeezing is then obtained, 
The number fluctuations lead to non-Gaussian corrections emerging at lower order, ∝ β, destroying squeezing much earlier. From inspection of Eq. (S73) and comparison of the terms, we argue that fluctuations become important when σ n ∼ N 1/3 . The reasoning for this is as follows: In the absence of fluctuations, squeezing occurs on the timescale τ ∼ N −2/3 , due to the emergence of the usual nonGaussian corrections (oversqueezing) described by the term β 2 in Eq. (S73). We thus claim that fluctuations in the atom number will become important when σ 2 n /N ∼ β, i.e. the latter two terms in Eq. (S73) become comparable, which leads to the estimate σ n ∼ N 1/3 . For σ n N 1/3 the term ∝ β 2 can then be disregarded in Eq. (S73), and the optimal squeezing in the limit of 'large fluctuations' will then be given by
where we introduce the fluctuation in total atom number δN ≡ √ 2σ n . We illustrate these arguments in Fig. (S4) , using a full numerical TWA calculation, wherein we plot the squeezing parameter as a function of total fluctuation in atom number δN for N = 10 4 , 10 5 and 10 6 .
Having established that the squeezing generated by TSS is reasonably robust to number fluctuations, a final question is to investigate whether the protocols retains its robusticity to collective emission. From a qualitiative perspective, we conjecture that the protocol should remain robust for at least σ n N 1/3 . This is based on the previous discussion, which showed that TSS remains unaffected until fluctuations reach this level. This implies that the state remains phasesqueezed, and thus should retain its robusticity to collective emission. We support this reasoning in the inset of Fig. S4 , by plotting the quantity sin 2 (ψ sq ), which corresponds to the trigonometric factor suppressing the collective emission in the crude treatment of dissipation in Sec. III B. We observe that this quantity remains approximately unchanged from the ideal (σ n = 0) level for total number fluctuations δN N 1/3 , consistent with this reasoning.
To more rigorously justify this argument we use (truncated) exact calculations for a small system N = 200, as shown in Fig. S5 . We observe that TSS remains robust to collective emission for reasonable fluctuations δN N 1/3 . In particular, we observe no large qualitative change in scaling with Γ as fluctuations are introduced, consistent with our conjecture and the results indicating the squeezing remains predominantly in the phase-quadrature in the inset of Fig. S4 . As such, we argue that the primary barrier for TSS in the presence of number fluctuations is the ability to generate squeezing (see prior discussion) and that robusticity to collective emission is a secondary issue. The TSS protocol remains at the ideal (δN = 0) level until a crossover at δN ∼ N 1/3 . For this system size, TSS remains superior to OAT until δN N 1/3 , with the dominant limitation being the fundamental loss of squeezing generated by TSS rather than increased sensitivity to emission. (Bottom) Scaling of squeezing with dissipation strength Γ. The robusticity and scaling of TSS remains close to the ideal δN = 0 level for reasonable fluctuations, δN ∼ N 1/3 . We also compare to the scaling of OAT for clarity.
